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SOME SUBSPACES OF AN FK SPACE AND DEFERRED
CESA`RO CONULLITY
I˙. DAGˇADUR AND S¸. SEZGEK
Abstract. In this paper, we construct new important the subspaces DqpS, D
q
pW ,
DqpF and D
q
pB for a locally convex FK-space X containing φ, the space of finite
sequences. Then we show that there is relation among these subspaces. Also, we
study deferred Cesa`ro conullity of one FK-space with respect to another, and we
give some important results. Finally, we examine the deferred Cesa`ro conullity
of the absolute summability domain lA, and show that if lA is deferred Cesa`ro
conull, then A cannot be l-replaceable.
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Keywords and phrases: deferred Cesa`ro mean, deferred Cesa`ro conull, FK-
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q
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1. introduction
Let w denote the space of all complex valued sequences. It can be topologized
with the seminorms rn(x) = |xn|, n = 1, 2, . . ., and any vector subspace X of w is
a sequence space. A sequence space X with a vector space topology τ is a K-space
provided that the inclusion map i : (X, τ) → w, i(x) = x, is continuous. If, in
addition, τ is complete, matrizable, locally convex then (X, τ) is called FK-space.
So an FK-space is a complete, metrizable locally convex topological vector space of
sequences for which the coordinate functionals are continuous. An FK-space whose
topology is normable is called a BK-space. The basic properties of FK-space may
be found in (see [3], [13] and [18]).
By c, c0, l∞ we denote the spaces of convergent sequences, null sequences and
bounded sequences, respectively. These are FK-spaces under ‖x‖ = supn |xn|. By
cs, l we denote the spaces of all summable sequences, absolute summable sequences,
respectively.
Throughout this paper e denotes the sequences of ones; δj (j = 1, 2, . . .) the
sequence with the one in the j-th position; φ the linear span of δj ’s. The linear span
of φ and e is denoted by φ1. The topological dual of X is denoted by X
′. The space
X is said to have AD if φ is dense in X. A sequence x in a locally convex sequence
space X is said the property AK if x(n) → x in X where x(n) =
∑n
k=1 xkδ
k.
We recall (see [3] and [13]) that the f , β-duals of a subset X of w are
Xf =
{
{f(δk)} : f ∈ X ′
}
,
Xβ =
{
x ∈ w :
∞∑
n=1
xkyk is convergent for all y ∈ X
}
.
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In 1932, Agnew [1] defined the deferred Cesa`ro mean Dp,q of the sequences x by
(Dp,qx)n =
1
q(n)− p(n)
q(n)∑
k=p(n)+1
xk
where {p(n)} and {q(n)} are sequences of nonnegative integers satisfying the condi-
tions p(n) < q(n) and lim
n→∞
q(n) = ∞. We note here that Dp,q is clearly regular for
any choice of {p(n)} and {q(n)}. The deferred Cesa`ro mean is used throughout this
paper. We define some new sequence space by using deferred Cesa`ro mean.
The sequence spaces
[σ0]
q
p :=

x ∈ w : limn 1q(n)− p(n)
q(n)∑
k=p(n)+1
xk = 0

 ,
[σc]
q
p :=

x ∈ w : limn 1q(n)− p(n)
q(n)∑
k=p(n)+1
xk exists

 ,
[σ∞]
q
p :=

x ∈ w : supn 1q(n)− p(n)
∣∣∣∣∣∣
q(n)∑
k=p(n)+1
xk
∣∣∣∣∣∣ <∞

 ,
σqp[s] :=

x ∈ w : limn 1q(n)− p(n)
q(n)∑
k=p(n)+1
k∑
j=1
xj exists


and
σqp[b] :=

x ∈ w : supn
∣∣∣∣∣∣
1
q(n)− p(n)
q(n)∑
k=p(n)+1
k∑
j=1
xj
∣∣∣∣∣∣ <∞


are BK-spaces with the norms
‖ x ‖[σ0]qp= sup
n
∣∣∣∣∣∣
1
q(n)− p(n)
q(n)∑
k=p(n)+1
xk
∣∣∣∣∣∣
and
‖ x ‖σqp[s]= sup
n
∣∣∣∣∣∣
1
q(n)− p(n)
q(n)∑
k=p(n)+1
k∑
j=1
xj
∣∣∣∣∣∣ .
The proof follows the same lines as in (see [4], [5], [7] and [8]), so we omit the details.
A sequence x in a locally convex sequence space X is said the property σqp[K] if
1
q(n)− p(n)
q(n)∑
k=p(n)+1
x(k) → x in X .
A sequence x in a locally convex sequence space X is said the property σqp[B] if
∀x ∈ X 
 1q(n)− p(n)
q(n)∑
k=p(n)+1
x(k)

 is bounded in X .
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Now we determine a new d-, d[b]-type duality of a sequence space X containing
φ.
Xd =

x ∈ w : limn→∞ 1q(n)− p(n)
q(n)∑
k=p(n)+1
k∑
j=1
xjyj exists for all y ∈ X


=
{
x ∈ w : x.y ∈ σqp[s] for all y ∈ X
}
,
Xd[b] =

x ∈ w : supn 1q(n)− p(n)
∣∣∣∣∣∣
q(n)∑
k=p(n)+1
k∑
j=1
xjyj
∣∣∣∣∣∣ <∞ , y ∈ X


=
{
x ∈ w : x.y ∈ σqp[b] for all y ∈ X
}
,
respectively, where x.y = (xnyn).
Let X, Y be sets of sequences. Then for ν = f, β, b, d[b]
i) X ⊂ Xνν ,
ii) Xννν = Xν ,
iii) If X ⊂ Y then Y ν ⊂ Xν holds.
Theorem 1.1. Let X be an FK-space containing φ and limn→∞
q(n)−i+1
q(n)−p(n) = 1 (i ≤
q(n)). Then
i) Xβ ⊂ Xd ⊂ Xd[b] ⊂ Xf ;
ii) if X is σqp[K]-space then Xf = Xd;
iii) if X is AD-space then Xd[b] = Xd.
Proof. ii) Let u ∈ Xd and f(x) = limn→∞
1
q(n)−p(n)
∑q(n)
k=p(n)+1
∑k
j=1 xjuj for x ∈ X.
Then f ∈ X ′ by Banach-Steinhaus Theorem [[13]; Theorem 1.0.4]. Now we get
f(δi) = lim
n→∞
1
q(n)− p(n)
q(n)∑
k=p(n)+1
k∑
j=1
ujδ
i = lim
n→∞
qn − i+ 1
q(n)− p(n)
ui = ui
so u ∈ Xf . Thus Xd ⊂ Xf .
Let u ∈ Xf . Since X is σqp[K]-space
f(x) = lim
n→∞
1
q(n)− p(n)
q(n)∑
k=p(n)+1
k∑
j=1
xjf(δ
j) = lim
n→∞
1
q(n)− p(n)
q(n)∑
k=p(n)+1
k∑
j=1
xjuj
for x ∈ X, then u ∈ Xd. Hence Xf = Xd.
iii) Let u ∈ Xd[b]. We define
fn(x) =
1
q(n)− p(n)
q(n)∑
k=p(n)+1
k∑
j=1
ujxj
for x ∈ X. Then {fn} is pointwise bounded and hence equicontinuous by Theorem
7.0.2 of [13]. Since
lim
n→∞
fn(δ
i) = ui , i < q(n),
we conclude that φ ⊂ {x : limn fn(x) exists } is a closed subspace of X by the
Convergence Lemma (see [13]; 1.0.5 and 7.0.3). Since X is an AD-space, X = {x :
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limn fn(x) exists } = φ and thus limn fn(x) exists for all x ∈ X. Therefore, u ∈ X
d.
The opposite inclusion is trivial.
i) φ ⊂ X by the hypothesis. Since φ is an AD-space, we find
Xd[b] ⊂ (φ)d[b] = (φ)d ⊂ (φ)f = Xf
by (ii), (iii) and Theorem 7.2.4 of [13]. 
2. Main Results
We shall define some new subspaces of a locally convex FK-space X containing
φ, the space of finite sequences, which are the impotance of each one on topological
sequence spaces theory.
Definition 2.1. Let X be an FK-space ⊃ φ. Then
DqpW := D
q
pW (X) =

x ∈ X : 1q(n)− p(n)
q(n)∑
k=p(n)+1
x(k) → x (weakly) in X


=

x ∈ X : f(x) = limn 1q(n)− p(n)
q(n)∑
k=p(n)+1
k∑
j=1
xjf(δ
j) for all f ∈ X

 ,
DqpS := D
q
pS(X) =

x ∈ X : 1q(n)− p(n)
q(n)∑
k=p(n)+1
x(k) → x


=
{
x ∈ X : x has σqp[K] in X
}
=

x ∈ X : x = limn 1q(n)− p(n)
q(n)∑
k=p(n)+1
k∑
j=1
xjδ
j

 .
Thus X is an σqp[K]-space if and only if D
q
pS = X.
DqpF
+ := DqpF
+(X)
=

x ∈ w : limn

 1q(n)− p(n)
q(n)∑
k=p(n)+1
x(k)

 is weakly Cauchy in X


=

x ∈ w : limn 1q(n)− p(n)
q(n)∑
k=p(n)+1
k∑
j=1
xjf(δ
j) exists for all f ∈ X ′


=
{
x ∈ w : {xnf(δ
n)} ∈ σqp[s] for all f ∈ X
′
}
= (Xf )d .
DqpB
+ := DqpB
+(X) =

x ∈ w :

 1q(n)− p(n)
q(n)∑
k=p(n)+1
x(k)

 is bounded in X


=
{
x ∈ w : (xnf(δ
n)) ∈ σqp[b] for all f ∈ X
′
}
also DqpF = D
q
pF
+ ∩X and DqpB = D
q
pB
+ ∩X.
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We now study some inclusions which are analogous to those given in ( [13]; chapter
10 ). Also, we prove some theorems related to the f -, d- and d[b]-duality of a sequence
space X.
Theorem 2.2. Let X be an FK-space ⊃ φ. Then
φ ⊂ DqpS ⊂ D
q
pW ⊂ D
q
pF ⊂ D
q
pB ⊂ X and φ ⊂ D
q
pS ⊂ D
q
pW ⊂ φ.
Proof. The only non-trivial part is DqpW ⊂ φ. Let f ∈ X ′ and f = 0 on φ. The
definition of DqpW shows that f = 0 on D
q
pW . Hence, the Hahn-Banach theorem
gives the result. 
Theorem 2.3. The subspaces E = DqpS, D
q
pW, D
q
pF, D
q
pF
+, D
q
pB and D
q
pB
+ of
X FK-spaces are monotone i.e., if X ⊂ Y then E(X) ⊂ E(Y ).
Proof. The inclusion map i : X → Y is continuous by Corollary 4.2.4 of [13], so
1
q(n)−p(n)
∑q(n)
k=p(n)+1 x
(k) → x in X implies the same in Y . This proves the assertion
for DqpS. For D
q
pW it follows from the fact that i is weakly continuous by (4.0.11)
of [13]. Now z ∈ DqpF+, D
q
pB
+ if and only if (znf(δ
n)) ∈ σqp[s], σ
q
p[b] respectively
for all f ∈ X ′, hence for all g ∈ Y ′ since g|X ∈ X ′ by Corollary 4.2.4 of [13]. The
result follows for DqpF+, D
q
pB
+ and so for DqpF , D
q
pB. 
Since [σ0]
q
p is an AK-space, we immediately get the following
Theorem 2.4. Let X be an FK-space ⊃ [σ0]
q
p. Then [σ0]
q
p ⊂ D
q
pS ⊂ D
q
pW .
Theorem 2.5. Let X be an FK-space ⊃ φ. Then DqpB+ = Xfd[b].
Proof. By Definition 2.1, z ∈ DqpB+ if and only if z.u ∈ σ
q
p[b] for each u ∈ Xf . This
is precisely the assertion. 
Theorem 2.6. Let X be an FK-space ⊃ φ. Then DqpB+ is the same for all FK-
spaces Y between φ and X; i.e., φ ⊂ Y ⊂ X implies DqpB+(Y ) = D
q
pB
+(X). Here
the closure of φ is calculated in X.
Proof. By Theorem 2.3 we have DqpB+(φ) ⊂ D
q
pB
+(Y ) ⊂ DqpB+(X). By Theorem
2.5 and by (7.2.4) of [13] the first and the last are equal. 
Theorem 2.7. Let X be an FK-space such that DqpB ⊃ φ. Then φ has σ
q
p[K] and
D
q
pS = D
q
pW = φ.
Proof. Suppose first that X has σqp[B]. Define fn : X → X by
fn(x) = x−
1
q(n)− p(n)
q(n)∑
k=p(n)+1
x(k).
Then {fn} is pointwise bounded, hence equicontinuous by (7.0.2) of [13]. Since fn →
0 on φ then also fn → 0 on φ by (7.0.3) of [13]. This is the desired conclusion. 
Theorem 2.8. Let X be an FK-space ⊃ φ. Then DqpF+ = Xfd.
Proof. This may be proved as in Theorem 2.5, with d instead of d[b] . 
Theorem 2.9. Let X be an FK-space ⊃ φ. Then DqpF+ is the same for all FK-
spaces Y between φ and X; i.e., φ ⊂ Y ⊂ X implies DqpF+(Y ) = D
q
pF
+(X) (The
closure of φ is calculated in X).
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The proof is similar to that of Theorem 2.6.
Lemma 2.10. Let X be an FK-space in which φ has σqp[K]. Then D
q
pF
+ = (φ)dd.
Proof. Observe that DqpF+ = Xfd by Theorem 2.8. Since Xf = (φ)f by Theorem
(7.2.4) of [13], we have Xfd = (φ)fd. Hence, by Theorem 1.9 of [9] the result
follows. 
An FK-space X is said to have Fσqp[K] (functional σ
q
p[K]) if X ⊂ D
q
pF
+ i.e.,
X = DqpF .
Theorem 2.11. Let X be an FK-space ⊃ φ. Then X has Fσqp[K] if and only if φ
has σqp[K] and X ⊂ (φ)dd.
Proof. Necessity. X has σqp[B] since D
q
pF ⊂ D
q
pB so φ has σ
q
p[K] by Theorem 2.7.
The remainder of the proof follows from Lemma 2.10. Sufficiency is given by Lemma
2.10. 
Theorem 2.12. Let X be an FK-space ⊃ φ. The following are equivalent:
i) X has Fσqp[K] ,
ii) X ⊂ (DqpS)dd ,
iii) X ⊂ (DqpW )dd ,
iv) X ⊂ (DqpF )dd ,
v) Xd = (DqpS)d ,
vi) Xd = (DqpF )d .
Proof. Observe that (ii) implies (iii) and (iii) implies (iv) and that they are trivial
since
DqpS ⊂ D
q
pW ⊂ D
q
pF .
If (iv) is true, then Xf ⊂ (DqpF )d = (Xf )dd ⊂ Xd so (i) is true by Theorem 1.9 of
[9]. If (i) holds, then Theorem 2.11 implies that φ = DqpS and that (ii) holds. The
equivalence of (v), (vi) with the others is clear. 
Theorem 2.13. Let X be an FK-space ⊃ φ. The following are equivalent:
i) X has Sσqp[K] ,
ii) X has σqp[K] ,
iii) Xd = X ′ .
Proof. Clearly (ii) implies (i). Conversely if X has Sσqp[K] it must have AD for
D
q
pW ⊂ φ by Theorem 2.2. It also has σ
q
p[B] since D
q
pW ⊂ D
q
pB. Thus X has σ
q
p[K]
by Theorem 2.7, this proves that (i) and (ii) are equivalent. Assume that (iii) holds.
Let f ∈ X ′, then there exists u ∈ Xd such that
f(x) = lim
n→∞
1
q(n)− p(n)
q(n)∑
k=p(n)+1
k∑
j=1
ujxj
for x ∈ X. Since f(δj) = uj , it follows that each x ∈ D
q
pW which shows that (iii)
implies (i). That (ii) implies (iii) is known (see [7] , page 97). 
Theorem 2.14. Let X be an FK-space ⊃ φ. The following are equivalent:
i) DqpW is closed in X,
ii) φ ⊂ DqpB,
iii) φ ⊂ DqpF ,
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iv) φ = DqpW ,
v) φ = DqpS,
vi) DqpS is closed in X.
Proof. (ii) implies (v): By Theorem 2.7, φ has σqp[K] , i.e. φ ⊂ D
q
pS. The opposite
inclusion is Theorem 2.2. Note that (v) implies (iv), (iv) implies (iii) and (iii) implies
(ii) because
DqpS ⊂ D
q
pW ⊂ φ , D
q
pW ⊂ D
q
pF ⊂ D
q
pB ;
(i) implies (iv) and (vi) implies (v) since φ ⊂ DqpS ⊂ D
q
pW ⊂ φ. Finally (iv) implies
(i) and (v) implies (vi). 
3. Combinations of Some Subspaces of an FK-Space
Let A = (ank) n, k = 1, 2, . . . be an infinite matrix with complex entires and cA =
{x : Ax ∈ c}. Then cA is an FK-space with seminorms ρ0(x) = supn |
∑
∞
k=1 ankxk|
(n = 1, 2, . . .), ρn(x) = |xn|, (n = 1, 2, . . .); and hn(x) = supm |
∑m
k=1 ankxk| (n =
1, 2, . . .). Also, every f ∈ c′A if and only if
f(x) =
∞∑
k=1
βkxk +
∞∑
n=1
tn
∞∑
k=1
ankxk + µ limAx ,
where t ∈ l, µ ∈ C, (βk) ∈ c
β
A, the β-dual of cA [13]. The representation is not
unique; we say that A is µ-unique if all representations for some f have the same µ.
If A be µ-unique, cA ⊂ cD, D is conull with respect to A if and only if µA(limD) = 0
in [16].
Let X and Y be FK-spaces, X with paranorm ρ and Y with paranorm s. It is
shown that Z = X+Y with the unrestricted inductive limit topology is an FK-space
as in Theorem 4.5.1 of [13]. The paranorm τ of Z is given by
τ(z) = inf
x+y=z
x∈X,y∈Y
(ρ(x) + s(y)).
Let {Xn}∞n=1 be a sequence of FK-spaces. ρn the paranorm of X
n and {snk}
∞
k=1 be
the seminorms of Xn. Let Y =
⋂
n
Xn. It is well known that Y is an FK-space with
paranorm s =
∑
∞
n=1
ρn
2n(1+ρn)
and seminorms {snk}
∞
n,k=1.
We now investigate some important subspaces of a locally convex FK-space X
containing φ which are analogous to these give in [6]. To prove the theorems of this
section we use the same technique by DeVos in [6].
Theorem 3.1. Let X, Y be FK-spaces and Z = X+Y . Then E(X)+E(Y ) ⊆ E(Z)
for E = DqpS, D
q
pW , D
q
pF or D
q
pB.
Proof. Let E = DqpS. We take x ∈ D
q
pS(X) and y ∈ D
q
pS(Y ). Then
ρ

 1
q(n)− p(n)
q(n)∑
k=p(n)+1
x(k) − x

→ 0 and s

 1
q(n)− p(n)
q(n)∑
k=p(n)+1
y(k) − y

→ 0
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as n→∞. Hence
r

 1
q(n)− p(n)
q(n)∑
k=p(n)+1
(x+ y)(k) − (x+ y)


≤ ρ

 1
q(n)− p(n)
q(n)∑
k=p(n)+1
x(k) − x

+ s

 1
q(n)− p(n)
q(n)∑
k=p(n)+1
y(k) − y


which implies that x+ y ∈ DqpS(Z).
Let E = DqpW . We take x ∈ D
q
pW (X), y ∈ D
q
pW (Y ) and f ∈ Z ′. Then f |X ∈ X ′
and f |Y ∈ Y ′.
f(x+ y) = f(x) + f(y)
= lim
n
1
q(n)− p(n)
q(n)∑
k=p(n)+1
k∑
j=1
f(δj)xj + lim
n
1
q(n)− p(n)
q(n)∑
k=p(n)+1
k∑
j=1
f(δj)yj
= lim
n
1
q(n)− p(n)
q(n)∑
k=p(n)+1
k∑
j=1
f(δj)(xj + yj) .
The proofs for E = DqpF or D
q
pB are similar, so the details are omitted. 
Theorem 3.2. Let {Xn}∞n=1 be a sequence of FK-spaces and Y =
⋂
n
Xn. Then
E(Y ) =
⋂
n
E(Xn) for E = DqpS, D
q
pW , D
q
pF or D
q
pB.
Proof. By Theorem 2.3, for each n, E(Y ) ⊆ E(Xn), hence E(Y ) ⊆
⋂
n
E(Xn) for
E = DqpS, D
q
pW , D
q
pF or D
q
pB.
Let z ∈
⋂
n
D
q
pS(Xn). Then snk
(
1
q(r)−p(r)
∑q(r)
n=p(r)+1 z
(n) − z
)
→ 0, r → ∞, for
each fixed n and k, but these are the seminorms for Y . Hence
lim
r→∞
1
q(r)− p(r)
q(r)∑
n=p(r)+1
z(n) = z in Y
which implies that z ∈ DqpS(Y ).
Let z ∈
⋂
n
D
q
pW (Xn) and f ∈ Y ′. Then we have f =
∑h
j=1 fj, where fj ∈ (X
j)′
(see [16]; Sections 4.4 and 11.3). Since fj
(
1
q(r)−p(r)
∑q(r)
n=p(r)+1 z
(n)
)
→ fj(z) for
j = 1, 2, . . . , h. Therefore,
f

 1
q(r)− p(r)
q(r)∑
n=p(r)+1
z(n)

→ f(z) .
Hence z ∈ DqpW (Y ).
The proof for E = DqpF is similar to previous paragraph, so we omit the details.
Let z ∈
⋂
n
D
q
pB(Xn). Then for any fixed l and k , slk
(
1
q(r)−p(r)
∑q(r)
n=p(r)+1 z
(n)
)
≤
Hlk for all r. Hence z ∈ D
q
pB(Y ). 
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In [12], let X be an FK-space containing φ1 and
ζn := e−
1
q(n)− p(n)
q(n)∑
k=p(n)+1
e(k)(3.1)
=
(
0, 0, . . . , 0,
1
q(n)− p(n)
,
2
q(n)− p(n)
,
3
q(n)− p(n)
, . . . ,
q(n)− p(n)− 1
q(n)− p(n)
, 1, 1, . . .
)
.
If ζn → 0 in X, then X is called strongly deferred Cesa`ro conull, where e(k) :=∑k
j=1 δ
j . If the convergence holds in the weak topology in (3.1) then X is called
deferred Cesa`ro conull. Hence X is deferred Cesa`ro conull iff
f(e) = lim
n
1
q(n)− p(n)
q(n)∑
k=p(n)+1
k∑
j=1
f(δj) , ∀f ∈ X ′.
Now, we define deferred Cesa`ro conullity of one FK-space with respect to another.
Definition 3.3. Let X be an FK-space with DqpW (X) 6= D
q
pB(X) and Y be an
FK-space , X ⊆ Y . Y is deferred Cesa`ro conull with respect to X iff DqpB(X) ⊆
D
q
pW (Y ).
Theorem 3.4. Let X, Y , Z be FK-spaces with X ⊆ Y ⊆ Z. Then
i) If Y is deferred Cesa`ro conull with respect to X then Z is deferred Cesa`ro
conull with respect to X,
ii) If Z is deferred Cesa`ro conull with respect to X and Y is closed in Z then Y
is deferred Cesa`ro conull with respect to X.
The proof of Theorem is clear by Definition 3.3 and Theorem 2.3.
Theorem 3.5. Let {Y n}∞n=1 be FK-spaces such that each Y
n is deferred Cesa`ro
conull with respect to X. Then
⋂
n
Y n is deferred Cesa`ro conull with respect to X.
The proof of Theorem is obtained by Definition 3.3 and Theorem 3.2.
Let E(cA) = E(A) for A a matrix and E = D
q
pW or D
q
pB and µA(limD) = µA(D).
For many cases the following theorem gives an equivalence between Wilansky’s and
our extensions of deferred Cesa`ro conullty.
Theorem 3.6. Let A and D be matrices with DqpW (A) 6= D
q
pB(A) and cA ⊂ cD.
µA(D) = 0 if and only if cD is deferred Cesa`ro conull with respect to cA.
Proof. Let cD is deferred Cesa`ro conull with respect to cA. For x ∈ D
q
pB(A),
limD x = µA(D) limA x+ βx.
Now let z ∈ DqpB(A) \D
q
pW (A). Firstly, by Theorem 4.2 of [12] we have
limA

z − 1
q(n)− p(n)
q(n)∑
k=p(n)+1
z(k)

9 0 .
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Also, since DqpB(A) ⊂ cA and γ ∈ c
β
A we obtained
γ

z − 1
q(n)− p(n)
q(n)∑
k=p(n)+1
z(k)

 = γ

z − 1
q(n)− p(n)
q(n)∑
k=p(n)+1
k∑
j=1
zjδ
j


=
1
q(n)− p(n)
q(n)∑
k=p(n)+1
∞∑
j=k+1
zjδ
j .
By hypothesis, for each f ∈ (cD)
′,
f

z − 1
q(n)− p(n)
q(n)∑
k=p(n)+1
z(k)

→ 0 .
In particular, we take f = limD ∈ (cD)
′. Thus limD
(
z − 1
q(n)−p(n)
∑q(n)
k=p(n)+1 z
(k)
)
→
0.
Conversely let f ∈ (cD)
′. By Theorem 5.2 of [16] we have µA(f) = µD(f).µA(D) =
0. Hence f(x) = t(Ax) + βx for x ∈ cA.
Now we are able to write
f(x) = µA(f) lim Ax+ βx
with γ = tA+β for x ∈ DqpB by Corollary 12.5.9 of [13]. Therefore, we get f(x) = γx
for x ∈ DqpB(A) which implies that x ∈ D
q
pW (D). So cD is deferred Cesa`ro conull
with respect to cA. 
We establish some relations among the subspaces DqpS, D
q
pW , D
q
pF , D
q
pF
+.
Remark 3.7. Let X be an FK-space such that weakly convergent sequences are
convergent in the FK-topology, A be a matrix such that XA ⊃ φ. The subspaces
D
q
pS, D
q
pW and D
q
pF are calculated in XA.
Lemma 3.8. If X is as in Remark 3.7, then for X itself, we have DqpS = D
q
pW =
D
q
pF = D
q
pF
+.
Proof. The inclusions DqpS ⊂ D
q
pW ⊂ D
q
pF ⊂ D
q
pF
+ are trivial by definitions.
Conversely, if x ∈ DqpF+, then
{
1
q(n)−p(n)
∑q(n)
k=p(n)+1 x
(k)
}
is weakly Cauchy, hence
by (12.0.1) of [13] is Cauchy in the FK-topology of X, so convergent, say
 1q(n)− p(n)
q(n)∑
k=p(n)+1
x(k)

→ y .
Since x(k) → x in w, we have
 1q(n)− p(n)
q(n)∑
k=p(n)+1
x(k)

→ x in w .
By the contiunity of i : X → w, y = x, and x ∈ DqpS. 
Now we note that if X is an FK-space containing φ1, then
(3.2) DqpF
+ = Xfd .
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To see this, it is enough to take σqp[s] instead of cs in Theorem 10.4.2 of [13]. If X
is also σqp[K], Xdd = X since, by Theorem 1.9 of [9], Xdd = Xfd and D
q
pF
+ = Xfd
by (3.2). We have Xdd = DqpF = D
q
pF
+ ⊂ X, hence, the result follows.
Theorem 3.9. With X, A as in Remark 3.7, for the XA, we have D
q
pS = D
q
pW =
D
q
pF = D
q
pF
+.
Proof. If x ∈ DqpF+, then
{
1
q(n)−p(n)
∑q(n)
k=p(n)+1 x
(k)
}
is weakly Cauchy, hence by
(12.0.1) of [13] is Cauchy in the FK-topology of X, so convergent. Since by Corollary
4.2.4 of [13] the matrix mappingA : XA → X is continuous,
{
1
q(n)−p(n)
∑q(n)
k=p(n)+1Ax
(k)
}
is convergent in X, say
 1q(n)− p(n)
q(n)∑
k=p(n)+1
Ax(k)

→ y .
On the other hand, by Theorem 4.3.8 of [13] (wA, ρ∪h) is an AK-space. Hence it is
also σqp[K]-space. Hence
 1q(n)− p(n)
q(n)∑
k=p(n)+1
x(k)

→ x .
The matrix mapping A : wA → w is continuous, and therefore
 1q(n)− p(n)
q(n)∑
k=p(n)+1
Ax(k)

→ Ax in w.
Since X ⊂ w and X is complete, Ax = y. We have
 1q(n)− p(n)
q(n)∑
k=p(n)+1
Ax(k)

→ Ax in X.
That is,
r

Ax− 1
q(n)− p(n)
q(n)∑
k=p(n)+1
Ax(k)

 = (r◦A)

x− 1
q(n)− p(n)
q(n)∑
k=p(n)+1
x(k)

→ 0
as n → ∞, where r is a typcal seminorm of X. Hence x ∈ DqpS, which proves
Theorem 3.9. 
3.1. Replaceability, Deferred Cesa`ro Conullity of lA.
Recall that given a matrix A with lA ⊃ φ is called l-replaceable if there is a
matrix D = (dnk) with lD = lA, and
∑
n dnk = 1 k ∈ N [10]. It is easy to see that
A is replaceable if and only if there exists f ∈ l′A with f(δ
k) = 1 (k ∈ N), namely,
f =
∑
D.
Theorem 3.10. Suppose that DqpF = lA. Then A is l-replaceable if and only if
lA ⊂ σ
q
p[s].
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Proof. Assume that A is l-replaceable. Then it follows from [10] that A is l-
replaceable if and only if there is f ∈ l′A such that f(δ
j) = 1 for all j ∈ N. Since
D
q
pF = lA,
lim
n
1
q(n)− p(n)
q(n)∑
k=p(n)+1
k∑
j=1
xjf(δ
j) = lim
n
1
q(n)− p(n)
q(n)∑
k=p(n)+1
k∑
j=1
xj
exists for all x ∈ lA, hence x ∈ σ
q
p[s].
Conversely, if lA ⊂ σ
q
p[s] then
f(x) =
1
q(n)− p(n)
q(n)∑
k=p(n)+1
k∑
j=1
xj
defines an element f of l′A, and we get f(δ
ν) = 1, (ν = 1, 2, . . .). 
We now establish a relation between deferred Cesa`ro conullity and replaceability.
Theorem 3.11. If lA is deferred Cesa`ro conull space, then A is not l-replaceable.
Proof. Suppose that A is l-replaceable. Then it follows from [10] that A is l-
replaceable if and only if there is f ∈ l′A such that f(δ
j) = 1 for all j ∈ N. Hence
f(e)−
1
q(n)− p(n)
q(n)∑
k=p(n)+1
k∑
j=1
f(δj) =

f(e)− 1
q(n)− p(n)
q(n)∑
k=p(n)+1
k∑
j=1
(1)


=

f(e)− 1
q(n)− p(n)
q(n)∑
k=p(n)+1
(k)


=
(
f(e)−
1
q(n)− p(n)
(q(n)− p(n))(q(n) + p(n) + 1)
2
)
=
(
f(e)−
q(n) + p(n) + 1
2
)
9 0 as n→∞ ,
so, lA is not deferred Cesa`ro conull. 
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